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Abstract—In this paper modeling of an inverted pendulum has been done and then three different controllers (PID 

& SFB, LQR) have been used for stabilization of the pendulum. The proposed system extends classical inverted 

pendulum by incorporating two moving masses. The motion of two masses that slide along the horizontal plane is 

controllable .The results of computer simulation for the system with Proportional, Integral and Derivative (PID) & 

State Feedback Controllers are shown. Main focus is to derive  the mathematical model and the analysis of its 

system performance, then design a LQR controller in order to get   better control. 

Index Terms-Inverted pendulam,swing up control,nonlinear control, gain formulae, pole placement,PID 

controller,State Feedback controller,Linear-quadratic regulator; system performance. 

   

1 INTRODUCTION  

An inverted pendulum is one of the most commonly 
studied system in the control area[6]. The control 
objective of the inverted pendulum is to swing up the 
pendulum hinged on the moving cart by a linear motor 
from stable position (vertically down state) to the  zero 

state(vertically upward state) and to keep the pendulum 
in vertically upward state in spite of the disturbance[1]. 

In the field of engineering and technology the 
importance of benchmark[11] needs no explanation. 
They make it easy to check whether a particular 
algorithm is giving the requisite results.  

A lot of work has been carried out on the inverted 
pendulum in terms of its stabilization. Many attempts 
have been made to control it using classical control 
([2],[4]). Thus it is a knowledge  which has been widely 
used in the study of stabilization of space vehicle [6]. It 
has been used as a test apparatus in computer aided 
analysis and design thus making iteasier to understand 
and to experiment different control schemes ([3],[5]). 

Mathematical models of mechanical systems are 
usually described by the Newtonion or Euler-Lagrange 

equations. These models have a structure which is 
very attractive for the design of control algorithms. 

This Euler-Lagrange approach has already been proved 
to be effective in the control design for mechanical and 
electro –mechanical system [7]. In this paper this 
method is utilized to investigate global properties of the 
designed controller. 

2. MECHANICAL CONSTRUCTION 

The system comprises of a horizontal plate that is 
connected to two wheels through a connecting rod. The 
wheels are independent of each other and are placed in 
the centre of the rail. Thus the platform can move on a 
horizontal surface and is able to rotate about the axis of 
wheels. There are two masses on top of the system that 
can slide along the horizontal rail, the masses being on 

both sides of the rail. The system isshown in fig(1) 
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3.MATHEMATICAL MODEL OF 
PHYSICAL SYSTEM : 

 The inverted pendulum is a classical problem in 
dynamics and control theory and is widely used as a 
benchmark for testing control algorithms’ (PID 
controllers, SFB etc).  Balancing the cart & 
pendulum is related to rocket or missile guidance 
where the centre of gravity is located behind the 
centre of drag causing aerodynamic instabity. 

where the centre of gravity is located behind the 
centre of drag causing aerodynamic instabity. 

As a more realistic example of the design and 
simulation of controlled systems we now focus on 
the development and analysis of an inverted 
pendulum on a motor driven cart. A sketch of this 
system is shown in fig(2). 

To study the system in detail we need its  
mathematical model. In this paper we find the 
mathematical model of the system using Euler-
Lagrange’s equations. 

The resulting non-linear model is then linearized 

 The cart with an inverted pendulum, shown 
below is bumped with an impulse force F. The 
dynamic equation of motion for the system is 
linearized about the pendulum’s angle, theta.The 
physical data [9] of the system are given in  table no 
1. 
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Fig 2 :The Inverted Pendulum System 

Table1. Parameters of the system from feedback 
instrument.U.K. 

Parameter Value unit 

Cart mass(M) 1.206 Kilo gram 

Mass of the 
pendulum(N) 

0.2693 Kilo gram 

Length of 
pendulum(L) 

0.1623 meter 

Coefficient of 
frictional force(B) 

0.005 Ns/m 

Pendulum damping 
coefficient(D) 

0.005 Mm/rad 

Moment of inertia of 
pendulum(L) 

0.099 Kg/𝑚2 

Gravitation force(G) 9.8 m/𝑠2 

F= control force; 

X=displacement of the cart; 

𝜃 =pendulum angle from vertical; 

Let V1 be the resultant velocity 

V1 
2 =𝑥 1

2 +𝑦1 
2  

Therefore kinetic energy of the pendulum, 

K1=
1

2
mV1

2  +
1

2
I𝜔2 

=
1

2
m (𝑥 2 +2l𝑥 𝜃 cos𝜃+ml2𝜃 2] + 

1

2
I𝜃 2 

Kinetic energy of the of the cart, 

K2 =
1

2
M𝑥 2, 
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Potential energy of the pendulum, 

P1 =mglcos𝜃 
 
Potential energy of the cart P2 =0 

The Lagrangian of the entire system is given as, 

L=
1

2
(m𝑥 2 +2ml𝑥 cos𝜃+ml2𝜃 2+M𝑥 2)+

1

2
I𝜃 2 ]-mglcos𝜃 

The Euler-Lagrange’s equation for the cart &resultant 
system is given as 

𝑑

𝑑𝑡
 
𝛿𝐿

𝛿𝑥 
 −

𝛿𝐿

𝛿𝑥
+ 𝑏𝑥 = 𝐹 

𝑑

𝑑𝑡
 
𝛿𝐿

𝛿𝜃 
 −

𝛿𝐿

𝛿𝜃
+ 𝑑𝜃 = 0 

Using these two above equations and putting the 
system parameters value we get, 

 𝐼 + 𝑚𝑙2 𝜃  + 𝑚𝑙 cos𝜃 𝑥 − 𝑚𝑔𝑙 sin 𝜃  + 𝑑𝜃 = 0 

 𝑀 + 𝑚 𝑥  + 𝑚𝑙 cos𝜃 𝜃 − 𝑚𝑙 sin 𝜃 𝜃 2  + 𝑏𝑥 = 𝐹 

The above equation shows the dynamics of the 
system. 

4.LINEARDIFFERENTIAL EQUATION 
MODELING 

 In order to derive the system transfer 
functions, we need to liberalize the differtional 
equation obtained so far. For small angle deviation 
around equilibrium point .When pendulum is in 

upright positionsin 𝜃 = 𝜃, cos 𝜃 = 1, 𝜃 2 = 0 

Using above relation we can write as, 

r𝜃 +q𝑥 -k𝜃+d =0 

𝑝𝑥  + 𝑞𝜃  + 𝑏𝑥 = 𝐹 

Where , (M+m)=p, mgl=k, ml=q, I+ml2=r 

5 Transfer Function Modelling: 

After taking Laplace transform of linear differential 
equation we get the following T.F. model, 

𝜃 𝑠 

𝐹 𝑠 
=  

−𝑞𝑠2

𝑟𝑠2  − 𝑘 +  𝑑𝑠
 

θ s 

F s 
=

 −0.2783 S2

s (s + 2.026) (s − 1.978) (s + 0.03402)
 

& 

𝑋 𝑠 

𝐹 𝑠 

=
𝑟𝑠2 − 𝑘 + 𝑑𝑠

 𝑝𝑟 − 𝑞2 𝑠4   +   𝑝𝑑 + 𝑏𝑟 𝑠3 +  𝑏𝑑 − 𝑝𝑘 𝑠2 − 𝑘𝑏𝑠
 

X s 

F s 
=

0.68843 (s + 2.014) (s − 1.967)

s (s + 2.026) (s − 1.978) (s + 0.03402)
 

 

6 State Space Modeling: 
Let,𝜃=𝑥1, 𝜃 =𝑥2=𝑥 1, 𝜃 =𝑥 2=𝑥 1 and, 𝑥 = 𝑥3, 𝑥 =𝑥4=𝑥 3, 
𝑥 =𝑥 4=𝑥 3 
From state space modeling, the system matrices are 
found in vector from given below. 

A= 

0
4.0088

1
−0.047753952

0 0.0000000
0 0.0139155

0 0 0 1.0000000
0.116806166 0.0939155 0 0.0344200

  

and 

B= 

0
−0.27831

0
0.68842

  

The output equations are 

Y= 
1 0 0 0
0 0 1 0

  

𝑋1

𝑋2

𝑋3

𝑋4

  

7.PID Controller design: 

The mathematical equation for PID control is 

𝑒𝑎 𝑡 = 𝐾𝑝𝑒 𝑡 + 𝐾𝑑

𝑑𝑒(𝑡)

𝑑𝑡
+ 𝐾𝑖  𝑒(𝜏)

𝑡

0

𝑑𝜏 

The block diagram of the whole system is shoen in fig 
(3) 

 

 

 R(S)+     E(s)   𝐾𝑝+s𝐾𝑑 +
𝐾𝑖

𝑠
G(S)     C(S) 

        - 

 

Fig3:- Block Diagram of a system with PID Controller 
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8. State Feedback Controller Design:- 

CONDITIONS: 

Our problem is to have a closed loop system having an 
overshoot of 10% and settling time of 1 sec. Since the 
overshoot  

MP=𝑒−𝜋  ξ  1− ξ2
=0.1. 

Therefore, ξ = 0.591328 and wn=6.7644 rad/sec. The 
dominant poles are at=-4 ± j5.45531, the third and 
fourth pole areplaced 5& 10 times deeper into the s-
plane than the dominant poles. Hence the desired 
characteristics equation:- 

s4 + 68s3 +845.7604s2 +9625.6s + 36608.32 =0  

Let gain, k= [k1k2   k3   k4] 

A – Bk=         0             0                  1                  0      

                0             0                  0                   1   

                      0             0                  0                   1                            

 - k1 0.2346-k2 6.8963-k3   -0.0765- k4 

Closed loop characteristics equation:- 

S4 +(0.0765-k4)s3 +(-6.8963 + k3)s2 +(-0.2346 +k2)s +k1 = 
0  Comparing all  the coefficient of above equation we 
found.      

K = [36608.32  9625.8346   852.6567   -67.9235] 

9. LQR Design: 

A system can be expressed in state variable form as     
𝑥 = Ax + Bu 

withx(t)∈𝑅𝑁, u(t)∈𝑅𝑁. The initial condition is x(0) . 
We assume here that all the states are measurable 
and seek to find a state-variable feedback (SVFB) 
control 
u = −Kx+ v 
that gives desired closed-loop properties.  
The closed-loop system using this control becomes 

𝑥 = (A- BK) 𝑥+ Bv= 𝐴c𝑥+ Bv  
with𝐴c the closed-loop plant matrix and v the new 
command input. 
 Ackermann's formula gives a SVFB K that 
places the poles of the closed-loop system at desired 
location . To design a SVFB that is optimal, we may 

define the performance index (PI) 

𝐽 =
1

2
 𝑋𝑇

∞

0

 𝑄 + 𝐾𝑇𝑅𝐾 𝑋𝑑𝑡 

We assume that input v(t) is equal to zero since our 

only concern here are the internal stability properties of 

the closed loop system. 

The objective in optimal design is to select the SVFB K 

that minimizes the performance index J. 

The two matrices Q (an n× n matrix) and R (an𝑚 ×
𝑛 matrix) are selected by the design Engineer.  
One should select Q to be positive semi-definite and R 
to be positive definite. Since the plant is linear and the 

performance index is quadratic, the problem of 
determining the SVFB gain K to minimize J is called the 
Linear Quadratic Regulator (LQR).To find the optimal 
feedback  gain matrix K we proceed as follows. 
Suppose there exists a constant matrix P such that 

 
𝑑

𝑑𝑡
 𝑥𝑇𝑃𝑥 = −𝑥𝑇 𝑄 + 𝐾𝑇𝑅𝐾 𝑋 

After some mathematical manipulation, the equation 
becomes, 

𝐽 = −
1

2
 

𝑑

𝑑𝑡
 𝑥𝑇𝑃𝑥 𝑑𝑡 =

1

2

∞

0

𝑥𝑇 0 𝑃𝑥(0) 

 
Where, we assumed that the closed-loop system is 
stable so that 𝑋𝑇  goes to zero as time t goes to infinity. 
Substituting the values we get, 

 
 

It has been assumed that the external control v(t) is 
equal to zero. Now note that the last equation has to 
hold for every 𝑋𝑇. Therefore, the term in brackets 
must be identically equal to zero. Thus, proceeding 
one sees that 

 

 
This is a matrix quadratic equation. Exactly as for the 
scalar case, one may complete the squares. Though 
this procedure is a bit complicated for matrices, 
suppose we select 

 

 
Then, there results 

𝐴𝑇𝑃 + 𝑃𝐴 + 𝑄 − 𝑃𝐵𝑅−𝐵𝑇𝑃 = 0 
This result is of extreme importance in modern control 
theory. The above Equation is known as the algebraic 
Riccati equation (ARE).  It is a matrix quadratic 
equation that can be solved for the auxiliary matrix P 
given (A,B,Q,R).  

The design procedure for finding the LQR 
feedback K is: 

 
1. Select design parameter matrices Q and R 
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2. Solve the algebraic Riccati equation for P 
3. Find the SVFB gain using K = 𝑅−1𝐵𝑇𝑃 

 
 

10.Simulation and Results:-. 

10.1-Stabilisation of position of the cart with 
PID controller. 

 

Fig4(a) : step response of the system when position as output for 
small time 

For stabilization we found the PID controller 
parameters are, 

𝐾𝑑 : - 45  𝐾𝑃: - 200𝐾𝐼: - 24.2 

 

 

Fig4(b): step response of the system when position as output for 
large time 

10.1.1-Stabilisation of angel of the cart with 
PID controller. 

 
Fig4(c): step response of the system when angle as output for 

small time 

 

Fig4(d):- step response of the system when angle as output for 
small time and large time 

For stabilization we found the PID controller 
parameters are, 
𝐾𝐷=-50𝑘𝑝=-58 𝐾𝑖 =-150 

10.2-Stabilisation of Angle of the Pendulum 
by State Feedback Controller with Initial 
Condition:- 
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Fig5.7:- Response of state feedback controller considering initial 
condition in MATLAB  

10.2.1-Step Response of the System by State 
Feedback Controller:- 

 

Fig5.8:- Response of Transfer Function represents Angle as output 
using state feedback controller considering Step input in MATLAB 

11.1-LQR Response for Angle as Output 

 
Fig3:- LQR response for angle as output 

Q=[1 0 0 0;0 1 0 0;0 0 1 0;0 0 0 10] 
R=0.1000 

 
                           Fig4:- LQR response for position as output 

Q=[1 0 0 0;0 1 0 0;0 0 1 0;0 0 0 10] 
R=0.1000 
 

10.Conclusion:- 

Modelling of inverted pendulum shows that system 
is unstable with non-minimum phase zero. Results 
ofapplying two different controllers (PID & SFB) 
show that the systemcan be stabilized.while 
PIDcontroller method is cumbersome because 
ofselection ofconstants ofcontroller, the controller 
parameters in case of state feedback are chosen 
analytically. Constant of the controllers can be tuned 
by some optimization technique for better result. 
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